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Abstract
We calculate the Schur index of the N = 4 U(N) SYM with finite
N via the AdS/CFT correspondence as the contribution of D3-branes
wrapped on contractible cycles in S5 on some assumptions motivated
by preliminary analyses. As far as we have checked numerically it
agrees with the index calculated on the gauge theory side. In a certain
limit it reproduces the analytic result given by Bourdier, Drukker, and
Felix.
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1 Introduction
The Schur index [1] is a specialization of the superconformal index [2] that
is defined for N = 2 superconformal theories. It is a function of a universal
fugacity q, and if the theory has a flavor symmetry we can also introduce
additional flavor fugacities. For a Lagrangian theory we can calculate it by
the localization formula, which gives the index as a matrix integral. In some
cases we can use other methods. The IR formula [3] enables us to calculate
it from the BPS spectrum in the Coulomb branch. For a class S theory it is
given as a correlation function on a Riemann surface [4, 5]. It is also known
that for an arbitrary N = 2 superconformal theory there is a corresponding
chiral algebra and the Schur index is given as the vacuum character of the
chiral algebra [6]. By using these different methods complementarily we can
obtain non-perturbative information of the theory. In this work we propose
another method to calculate the Schur index of the N = 4 U(N) SYM based
on the AdS/CFT correspondence [7].
The N = 4 theory, regarded as a special N = 2 theory, has the flavor
symmetry SU(2)F ⊂ SU(4)R and we introduce the flavor fugacity u. The
Schur index is defined by
I(q, u) = trBPS(e
2pii(J+J)qH+J+JuRx−Ry), (1)
where the trace is taken over states saturating certain bounds. See [8] for
our conventions. The localization formula is
IU(N)(q, u) =
∫
dµN Pexp(iV (q, u)χN(za)), (2)
where dµN is the U(N) Haar measure of the integral over gauge fugacities
za (a = 1, . . . , N) and χN(za) is the character of the U(N) adjoint represen-
tation:
dµN =
1
N !
N∏
a=1
dza
2piiza
∏
a6=b
(
1−
za
zb
)
, χN(za) =
N∑
a,b=1
za
zb
. (3)
We define the plethystic exponential Pexp by
Pexp f =
∏
i
1
(1− fi)ci
, (4)
1
for a function f with the series expansion f =
∑
i cifi, where ci are numerical
coefficients and fi are monomials made of the fugacities. The letter index iV
is
iV (q, u) =
q(u+ 1
u
)− 2q2
1− q2
. (5)
For the special case with u = 1 Bourdier, Drukker, and Felix analytically
carried out the integral in (2) and obtain [9]
IU(N)
IU(∞)
∣∣∣∣
u→1
=
∞∑
n=0
IBDFn , I
BDF
n = (−1)
n(N+nCN + N+n−1CN)q
nN+n2, (6)
where nCk =
n!
k!(n−k)!
is the binomial coefficient.
The purpose of this paper is to reproduce (2) and (6) for finite N on the
AdS side. In the large N limit we can analytically evaluate the integral by
the saddle point analysis [2], and obtain
IU(∞)(q, u) = Pexp
(
uq
1− uq
+
u−1q
1− u−1q
−
q2
1− q2
)
. (7)
On the AdS side this is reproduced as the index of Kaluza-Klein modes of the
supergravity multiplet in the dual spacetime AdS5×S5. If N is finite, as the
parameter relation N = L4TD3 including the AdS radius L and the D3-brane
tension TD3 implies, we should take account of D3-branes extended in AdS5×
S
5, and we can guess that the ratio IU(N)/IU(∞) expresses the contribution
of D3-branes. What brane configurations should we take into account to
calculate the index? In the case of BPS partition function it is possible to
reproduce the exact result by the geometric quantization of 1/8 BPS brane
configurations [10]. An 1/8 BPS configuration is given as the intersection
of a holomorphic surface h(X, Y, Z) = 0 and S5 = {(X, Y, Z)||X|2 + |Y |2 +
|Z|2 = 1} [11]. In the calculation of the superconformal index in [8] such
configurations were treated as excitations of “rigid D3-branes.” A rigid D3-
brane here means a D3-brane wrapped on a large S3 in S5 given by the
linear equation aX + bY + cZ = 0. The collective motion of a rigid D3-
brane is described by the moduli space CP 2 with the projective coordinates
(a, b, c). Corresponding to the fact that CP 2 is covered by three coordinate
patches we can treat all rigid brane configurations and excitations of them
as excitations of three specific brane configurations: X = 0, Y = 0, and
2
Z = 0. In the case of Schur index only two configurations X = 0 and Y = 0
give non-trivial contributions, and a part of the finite N correction of the
Schur index was correctly reproduced as the contribution from a single D3-
brane wrapped on X = 0 and Y = 0. See [8] for more details. Although
we do not have any proof this fact seems to suggest that some localization
mechanism works for D3-brane configurations. By assuming this mechanism
keeps working for multiple-brane configurations we propose the relation
IU(N)(q, u)
IU(∞)(q, u)
=
∞∑
n1,n2=0
I(n1,n2)(q, u;N), (8)
where I(n1,n2) is the contribution from the configuration with n1 D3-branes
wrapped on X = 0 and n2 D3-branes wrapped on Y = 0.
Classically, the energy of the brane system is (n1 + n2)N in the unit of
L−1, and expected to give O(q(n1+n2)N ) terms in the index. By comparing
this with (6) it is natural to identify IBDFn with the contribution of brane
systems with n1 + n2 = n. Namely
IBDFn (q;N) = lim
u→1
n∑
k=0
I(n−k,k)(q, u;N). (9)
In the following we calculate I(n−k,k) and numerically confirm that (8) and
(9) indeed hold.
2 Gauge theory on wrapped branes
The brane system giving I(n−k,k) consists of n − k D3-branes wrapped on
X = 0 and k D3-branes wrapped on Y = 0. These two 3-cycles intersect in
S
5 along S1, and a bi-fundamental hypermultiplet arises on the intersection.
Namely, the theory realized on the brane system is the U(n−k)×U(k) gauge
theory with a bi-fundamental hypermultiplet. The index is
I(n−k,k) = (uq)
(n−k)N(u−1q)kN
∫
dµn−k
∫
dµ′k Pexp ftot, (10)
where the prefactors (uq)(n−k)N and (u−1q)kN are the classical contributions
of the D3-branes wrapped on the two cycles [8]. The total letter index ftot is
ftot = fV (q, u)χ
adj
n−k(z) + fH(q, u)χ
bf
n−k,k(z, z
′) + fV (q, u
−1)χadjk (z
′), (11)
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where fV (q, u) and fH(q, u) are the letter indices for a vector multiplet on
X = 0 and a half hypermultiplet on the intersection, respectively. The letter
index of the vector multiplet on Y = 0 is obtained from that for X = 0
by the SU(2)F Weyl reflection u → u−1. χbfn−k,k is the character of the bi-
fundamental representation:
χbfn−k,k(z, z
′) =
n−k∑
a=1
k∑
b=1
(
za
z′b
+
z′b
za
)
. (12)
We can easily determine the BPS spectrum of the hypermultiplet by using
the supersymmetry algebra, and we obtain the letter index
fH =
1
q
− q. (13)
Fortunately, the plethystic exponential of fHχ
bf
n−k,k is quite simple:
Pexp(fH(q)χ
bf
n−k,k(z, z
′)) = q2(n−k)k. (14)
Because this is independent of the gauge fugacities the integral in (10) is
factorized into the U(n− k) part and the U(k) part, and I(n−k,k) is given by
I(n−k,k) = (uq)
(n−k)NFn−k(q, u) · q
2(n−k)k · (u−1q)kNFk(q, u
−1). (15)
Fn(q, u) is the index of the U(n) gauge theory realized on X = 0, which is
given by
Fn(q, u) =
∫
dµn Pexp(fV (q, u)χn(za)). (16)
As is pointed out in [8] the letter index fV is obtained from iV in (5) by
the variable change
fV (q, u) = iV (q
1
2u−
1
2 , q−
3
2u−
1
2 ) =
1
uq
− 2
u
q + q2
1− 1
u
q
. (17)
Correspondingly, Fn is related to IU(n) by Fn(q, u) = IU(n)(q
1
2u−
1
2 , q−
3
2u−
1
2 ).
Unfortunately, we cannot directly obtain Fn in the form of q-expansion by
using this relation as far as IU(n) is also given as the q-expansion. We need to
calculate Fn separately by performing the integral in (16). When we calculate
4
IU(N) by (2) we usually assume |q| < 1 and pick up poles in the unit circle on
za-planes. For the integral in (16) we have to pick up the corresponding poles
obtained by the variable change, which are not always in the unit circle. We
show the first few terms of Fn (n ≤ 4):
F0(q, u) = 1,
F1(q, u) =
u3
1− u2
q + (1− u2)q2 +
(
1
u3
− u3
)
q3 +
(
1
u6
−
1
u2
+ 1− u4
)
q4 + · · · ,
F2(q, u) =
u10(2− u2)
(1− u2)(1− u4)
q4 + u5(2− u4)q5 + (2 + 2u6 − u12)q6 + · · · ,
F3(q, u) =
u21(5− 3u2 − 3u4 + 2u6)
(1− u2)(1− u4)(1− u6)
q9 +
u14(5− 3u4 − 3u6 + 2u10)
1− u4
q10 + · · · ,
F4(q, u) =
u36(14− 9u2 − 10u4 − 2u6 + 6u8 + 7u10 − 5u12)
(1− u2)(1− u4)(1− u6)(1− u8)
q16 + · · · . (18)
We point out that the leading terms of Fn are given by Fn(q, u) = q
n2u2n
2
Gn(u)+
O(qn
2+1) with the functions Gn generated by
∞∑
n=0
Gn(u)t
n = exp
(
∞∑
p=1
(2p− 1)!
(p!)2
tp
u−p − up
)
. (19)
3 Comparisons
Let us introduce the notation A(≤m) to mean the q-expansion of A up to
the qm term. Fn contributes to the q
nN+n2 or higher order terms in (15).
To do a non-trivial check for the leading term of F4 in (18) for U(1) theory
we need to calculate the both hand sides of (15) up to q20 terms. For this
purpose we calculated F
(≤20−n)
n (n ≤ 4), and by substituting them into the
conjectural relation (8) we obtained (IU(N)/IU(∞))
(≤19+N) for N = 1, 2, 3, 4.
We have found the complete agreement with the results obtained from (2).
(See appendix for the first few terms of IU(N)/IU(∞) calculated by (2) for
small N .) For N = 0, the “U(0)” gauge theory is the trivial theory with no
excitation, and the index is IU(0) = 1. Although the physical interpretation
on the gravity side is not clear we have found that (8) with N = 0 correctly
gives (1/IU(∞))
(≤19). We also found that the right hand side of (8) vanishes
for N = −1. Namely, (8) formally gives IU(−1) = 0.
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We also confirmed (9) by taking the u→ 1 limit. Note that the limit must
be taken after the summation with respect to k because functions Fn have
poles at u = 1. If we sum up I(n−k,k) over k = 0, . . . , n the poles at each order
cancel and we obtain the leading term (6) as well as vanishing sub-leading
terms. We have confirmed that (9) correctly reproduces (IBDFn )
(≤n(N−1)+20)
for n = 1, 2, 3, 4 and arbitrary N .
4 Discussions
We proposed the relations (8) and (9) for the Schur index of the N = 4 U(N)
SYM, and numerically confirmed that they correctly reproduce the results
obtained on the gauge theory side.
Our calculation was based on some assumptions. We assumed the local-
ization of the path integral to the special configurations consisting of branes
wrapped on the two specific cycles X = 0 and Y = 0. We also assumed that
quantum gravity corrections do not spoil our calculation.
There are many directions of extension. There seems no essential difficulty
to generalize our analysis to the superconformal index. It would be also
possible to apply our method to other examples of AdS/CFT. An analytic
formula of the Schur index for a class of N = 2 was obtained in [12] and it
may be possible to reproduce it by the D3-brane analysis. There were some
analysis of single-brane configurations for S-fold theories [8], orbifold theories
[13], and toric gauge theories [14]. It would be interesting to extend these
results to multiple-brane configurations.
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A Results on the gauge theory side
In this appendix we show the explicit form of q-expansion of IU(∞) and
IU(N)/IU(∞) calculated on the gauge theory side.
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The q-expansion of the index in the large N limit (7) is
IU(∞)(q, u)
= 1 + χ1q + (2χ2 − 2) q
2 + (3χ3 − 2χ1) q
3 + (−4χ2 + 5χ4 + 1) q
4
+ (χ1 − 5χ3 + 7χ5) q
5 + (3χ2 − 9χ4 + 11χ6 − 1) q
6
+ (χ1 + 2χ3 − 11χ5 + 15χ7) q
7 + (−2χ2 + 6χ4 − 18χ6 + 22χ8 + 4) q
8
+ (2χ3 + 5χ5 − 23χ7 + 30χ9) q
9 + · · · , (20)
where χn = (u
n+1 − u−(n+1))/(u− u−1) is the SU(2) character. The inverse
of (20) is
1/IU(∞)(q, u)
= 1− χ1q + (3− χ2) q
2 + (5− χ2) q
4 + (−χ1 − χ3 + χ5) q
5
+ (−χ2 − χ4 + 8) q
6 + (χ7 − 2χ3) q
7 + (−2χ2 − χ6 + 13) q
8
+ (−χ1 − 2χ3 + χ7) q
9 + (−3χ2 − χ4 − χ6 + 21) q
10
+ (2χ7 − 4χ3) q
11 + (−3χ2 − χ4 − 2χ6 + χ10 − χ12 + 30) q
12 + · · · . (21)
The ratio of IU(N) calculated by using the localization formula (2) and the
large N limit (20) is given for small N as follows.
IU(1)(q, u)/IU(∞)(q, u)
= 1− χ2q
2 + (2χ1 − χ3) q
3 + (2χ2 − χ4 − 1) q
4 + (2χ2 − 1) q
6
+ (χ3 − 2χ5 + χ7) q
7 + (−χ2 − χ6 + χ8 + 1) q
8
+ (−2χ1 + 4χ3 − χ5 − 2χ7 + χ9) q
9 + (χ2 − χ6 − χ8 + χ10 + 2) q
10
+ (χ5 − χ7 − χ9 + χ11) q
11 + (2χ4 − χ6 − χ8 − 1) q
12 + · · · , (22)
IU(2)(q, u)/IU(∞)(q, u)
= 1− χ3q
3 + (2χ2 − χ4 − 1) q
4 + (χ1 + χ3 − χ5) q
5 + (2χ4 − χ6 − 3) q
6
+ q8 (χ2 + χ4 + 1) q
8 + (−3χ1 + χ3 − χ7 + χ9) q
9
+ (−2χ2 + χ4 + χ6 − 2χ8 + χ10 + 1) q
10
+ (χ1 + 2χ3 − χ5 − χ7 − 2χ9 + 2χ11) q
11 + · · · , (23)
IU(3)(q, u)/IU(∞)(q, u)
= 1− χ4q
4 + (−χ1 + 2χ3 − χ5) q
5 + (χ4 − χ6 + 2) q
6
+ (−3χ1 + 2χ3 + χ5 − χ7) q
7 + (−χ4 + 2χ6 − χ8) q
8
+ (3χ2 − χ4 + 2χ6 − 4) q
10 + (−2χ1 + χ3 + χ5 − χ7 − χ9 + χ11) q
11
+ (−χ2 − 3χ4 + 2χ6 − χ10 + χ12 + 2) q
12 + · · · , (24)
7
IU(4)(q, u)/IU(∞)(q, u)
= 1− χ5q
5 + (−χ2 + 2χ4 − χ6) q
6 + (χ1 + χ5 − χ7) q
7
+ (−χ2 + χ4 + χ6 − χ8) q
8 + (−χ3 + χ5 + χ7 − χ9) q
9
+ (−2χ2 + χ4 − χ6 + 2χ8 − χ10 + 1) q
10
+ (−2χ2 + 4χ4 − 2χ6 + 2χ8 + 2) q
12 + · · · . (25)
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